Abstract. We study the necessity of bump conditions for the boundedness of the Hardy-Littlewood p−1 in the Muckenhoupt Ap-condition by an average with respect to certain Banach function space, and are known to be sufficient for the two-weighted maximal inequality. We show that these conditions are in general not necessary for the boundedness of M from
Introduction and statement of the result
The Hardy-Littlewood maximal operator M is defined for every measurable function f on R n by M f (x) = sup
where the supremum is taken over all cubes Q containing x. By a "cube" we always mean a compact cube with sides parallel to coordinate axes. Assume that 1 < p < ∞. A longstanding open problem in harmonic analysis is to characterize those couples (w, v) of nonnegative measurable functions, called weights in the sequel, which satisfy the inequality (1.1)
for all nonnegative measurable functions f and some positive constant C. In what follows, let us exclude the trivial case when w = 0 a.e. and employ the usual notation σ = v
In the special case when the two weights (w, v) coincide, inequality (1.1) was characterized by Muckenhoupt [4] . He showed that (1.1) holds with v = w if and only if w satisfies the A p -condition
We note that throughout this paper, the notation sup Q means that the supremum is taken over all cubes Q in R n . The situation is much more complicated in the two-weighted case, since the A p -condition (1.2) is still necessary for (1.1), but it is not sufficient any more (see, e.g., [3, Chapter 4, Example 1.15]). A solution to the two-weighted problem was given by Sawyer [8] , who showed that (1.1) holds if and only if there is a positive constant C such that
for every cube Q. Condition (1.3) still involves the operator M itself, and it remains an open problem to find a characterization of (1.1) which is closer in form to (1.2), and which thus might be easier to use in applications. An important result in this direction was obtained by Neugebauer [5] and improved subsequently by Pérez [6] and Pérez and Rela [7] . In these papers, the authors found strengthenings of the A p -condition (1.2) that are already sufficient for (1.1). The necessity of these "bump" conditions is however not discussed. We show in this paper that none of the sufficient conditions from [5, 6, 7] is necessary for (1.1). Before stating our result we need to describe in some detail the results from [5, 6, 7] . Neugebauer [5] showed that if
< ∞ for some r > 1 then (1.1) is fulfilled. Pérez [6] found a way how to weaken the sufficient condition (1.4). He noticed that in order to obtain (1.1) one just needs to replace in a suitable way the integral average of σ in (1.2). While in [5] , this integral average was replaced by the average with respect to certain Lebesgue space, in [6] it was shown that more general spaces of measurable functions, the so called Banach function spaces, can be used in this connection as well. We note that the reader can find a precise definition of the notion "Banach function space", together with many of its properties and several specific examples, in [1] ; here we just recall that a Banach function space X is a Banach space containing measurable functions on R n whose norm · X is induced by a so called function norm ρ. This notion means that ρ is a nonnegative functional defined on the set of all nonnegative measurable functions on R n which fulfills the properties of a norm, is monotone (0 ≤ f ≤ g a.e. implies ρ(f ) ≤ ρ(g)) and satisfies the Fatou property (0 ≤ f n ր f a.e. implies ρ(f n ) ր ρ(f )). Two nontriviality assumptions are also required (ρ is finite on characteristic functions of sets of finite measure, and is bounded from below by a constant multiple of the L 1 -norm on those sets). The space X then consists exactly of those functions f for which ρ(|f |) < ∞, and f X = ρ(|f |) in this situation. In fact, it will be convenient for us to admit a slight abuse of notation and write f X := ρ(|f |) also in the case when ρ(|f |) is infinite.
To each Banach function space X there corresponds its associate space X ′ , which is another Banach function space induced by the function norm ρ ′ given by
The X-average of a measurable function f over a cube Q is defined in [6] by
where τ δ denotes, for δ > 0, the dilation operator τ δ f (x) = f (δx), and ℓ(Q) stands for the sidelength of the cube Q. The maximal operator M X is then given by
Notice that if X = L 1 then M X coincides with the classical Hardy-Littlewood maximal operator M . The sufficient condition for (1.1) proved in [6] has the form (1.5) sup
where p ′ = p p−1 and X is any Banach function space whose associate space X ′ fulfills (1.6)
for all nonnegative measurable functions f and some positive constant C. A basic example of a Banach function space for which this result can be applied is the Lebesgue space L q with q > p ′ . The strength of the result lies, however, in more delicate Banach function spaces, such as, e.g., the Orlicz space L A corresponding to the Young function A(t) = t p ′ log γ (1 + t) with γ > p ′ − 1 (for the definition of a Young function and of an Orlicz space, see, e.g., [1] ).
Condition (1.6) can be weakened if we allow its dependence on σ. Namely, the following implication holds: if X is a Banach function space such that (1.5) is fulfilled and there is a positive constant C for which
for every cube Q, then (1.1) holds. This was proved by Pérez and Rela [7] as a consequence of the Sawyer characterization of the two-weighted maximal inequality. We note that the result in [7] is restricted only to Orlicz spaces, however, it is easy to observe that the proof given here works equally well for an arbitrary Banach function space over R n . Moreover, the paper [7] gives even a quantitative version of this result which is shown to hold, at least for Orlicz spaces, not only in the Euclidean setting, but also in the more general context of spaces of homogeneous type. Notice that the new condition (1.7) is in many situations much weaker than the original one (1.6). For instance, one can easily observe that (1.6) is not valid when X ′ = L p , while (1.7) holds with X ′ = L p if and only if
for all cubes Q. It was shown by Fujii [2] and rediscovered later by Wilson [9] that the validity of condition (1.8) is equivalent to the fact that σ is an A ∞ -weight, that is, a locally integrable weight which satisfies the one-weighted A p -condition for some p > 1.
As observed before, it is a relevant question to ask whether the previously mentioned sufficient condition (which is the weakest one of those appearing in [5, 6, 7] ) is also necessary for (1.1). Question 1.1. Given a couple (w, v) of weights satisfying (1.1), is it true that there is a Banach function space X fulfilling (1.5) and (1.7)?
We notice that the answer to this question is positive whenever σ is an A ∞ -weight. Indeed, in this situation it suffices to take X = L p ′ . We already know that (1.7) is then fulfilled. Further, condition (1.5) is in this case just the standard A p -condition, which is well known to be necessary for (1.1). In fact, according to the reverse Hölder inequality (see, e.g., [3, Chapter 4, Lemma 2.5]), condition (1.1) implies even (1.5) with X = L p ′ +ε for some ε > 0, depending on σ. Since the space X = L p ′ +ε satisfies not only (1.7), but also the stronger condition (1.6), one can obtain even a better conclusion in this case.
The interesting problem is whether a similar result holds without the A ∞ -assumption. We show that this is not the case in general.
Given x ∈ R n , we shall denote by |x| max the maximum norm of x, that is, if x = (x 1 , . . . , x n ) then |x| max = max i=1,...,n |x i |. Then the couple (w, v), with v = σ 1−p , fulfills (1.1), but there is no Banach function space X for which (1.5) and (1.7) hold simultaneously. Then the answer to Question 1.1 is positive, regardless of what w is. This follows from the fact that σ is an A ∞ weight, combined with our previous observations.
